CONVOLUTION BY p-ADIC TRANSFORMS
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ABSTRACT

This work represents an investigation on the use of p-adic transforms to perform
convolution of sequences. First, p-adic transforms are described and then are used to study
cyclic convalution of short and long sequences. 1t is shown that to obtain error free results,
usual restrictions on the nature of input and output data have to be made. In contrast to former
number theoretic transforms, in general, p-adic transforms yield better dynamic ranges.
As for long sequences, most relevant aspects, such as technical derivation of various com-
putational fechniques, the number of multiplications needed resemble and/or remain at least
in principle.as compatible as other number theoretic transforms.
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INTRODUCTION

In recent years, a number of techniques and algorithms for computing digital
convolutions have been proposed.'->3%10:12.13 One of which is the use of number theoretic
transforms. These transforms have the advantages of being error free and efficient in certain
cases. On the other hand, they suffer serious,drawbacks such as limited dynamic range, and
implementation difficulty ofgmedular-arithrietic.—~Quite recently, a new kind of number
theoretic transforms efijoying the cycliegeanyolition-preperty, calledyp-adic transforms, has
been developed and their basic propérties have also been derived!”® One note worthy advantage
of p-adic transferms over other usual“filimber.théoretic transforms is the longer and more
flexible dymamic rdnges. A analysis of the cyclic convolution. based"onl p-adic transforms
was presented in, this stidy, and a study of the corresponding cyelic-convolution 'was, made.
As maybe expected; certain confinements on dynamic ranges have to be.imposed o as to yield
error free results, but they are certainly less restrictive than usual number theoretictransforms.
We also sketchsbriefly the derivation relating to the computation of convolution of long
sequences using higher dimensional p-adic transtorms.

MATERIALS, METHODS AND RESULTS

1. p-Adic segments

Let p be a fixed prime, Q, be the p-adic field, i.e. the eompletion of the rational
field @ with respect to the p-adic valuation | |p- Asis well-known, any p-adic number
@ £Q}, can be uniquely represented by a(p-adically) convergent power series.?

B X BP0 S I (1
i=—n
where. n.="n(a) is anon-negative integer, a_, # 0 and a; = aj(a) &40, 1, im,p 14" For

a fixed ‘positive integer r,. define a finite r-segment (or simply, segment) 0fia to.be

H@yr )= 5 ak\ Y S ... )

A
with r = n+k+ 1, and define a*finite,r-segmented p-adi¢(or simply, segmented field) Qp
to be the collection of all such H(p, r,/\a)’s. When p and r are kept fixed throughout, let us

A
simply write H(a) for H(p, r, @) and Q for Qp,r-

It was shown by Laohakosol and Surakampontorn’ that if a = % is a rational
p-adic integer in its reduced fraction form with dynamic ranges
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where X and Y are positive numbers satisfying

X<z -, . 4)

DN [ —

then a is uniquely representable’by H(a).This tUnique-representation is actually valid for a
wider class of rationalmmumbers. Indeedvyany reducedfraction of-the form

B~ = _ ... 5)

where t, A, B, are.integers:with A, B having the same dynamic ranges as above, has unique
segment representations because A/B has.

The finite segment p-adic arithmetic can be used in a digital signal processor to
perform error-free computation. Since the input and the output data are rational numbers,
an efficient conversion scheme is required. Various algorithms for computing p-adic expansions
of rational number exists.*® On the other hand, efficient algorithms used for recapturing
a rational number from its unique segment, e.g. Krishnamurthy,6 are awkward. However,
thesealgorithms are quite time-consuming. In practice, particularly for real-time calculation,
it seems much more convenient and expeditious, after fixing r, to construct a look up table.!!

2. p-Adic transforms
2.1 One dimensional p-adic transforms

Let N be a positive integer satisfying the following two conditions (i) a primitive
N root of unity H(y) exists in @, i.c. the equation

R 1= BT, (DS e (6)

is solvable in @

(ii) 1/N isa p-adi¢ginteger with dynamic ranges conditioned as in section 2. 'This automatically
implies that "H(1/N) = H(N) up-to the first r digits.

As notenin “Nasrabadi, and King,8 a permissible value of Nef0, 1, ..., p—1}
satisfying both conditions, aboye is

Ng = . s e N
Now, if we let H(x;),i = 0, 1, ..., N—1 be a sequence of points in @ The (forward) p-adic
transforms of H(x;) is defined as
N-1 "
HXy) = EO H(xp) - Hp* , k=0,1,...,N—-1 . ... (8)
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It is readily checked that the following orthogonality condition holds, up to r digits,

N-1 . .
s HN) , if n—i = 0(modN)

S Hpke-d = T o R, 9

i=0 ) 0 , otherwise. ©)

Hence the inverse transform is

N-1
H(x) 1= “HETAN) - k§0 HXO*H@) * . W oo (10)

Since p-adic transforms.areso constructed structually to conform with transforms having the
convolntion property, “they certainly enjoy this property.

Owing to the fact that rational numbers of the form described in theslast section
render unique segment representations, p-adic transforms certainly provide us.with an error
free transform when applied to these number sequences. In addition, the dynamic ranges are
relatively flexible and larger than usual number theoretic transforms (NTT’s). However, to
increase dynamic ranges amounts to increasing the value of r which in turn enlarges our look
up table. Another noteworthy remark is that equality and all basic arithmetic operation carried
out above¢ and in what follows are interpreted up to r digits, and this suffices to yield error free
results.

2.2 Multi-dimensional p-adic transforms

As shown in Laohakosol and Surakampontorn,” multi-dimensional p-adic transforms
can be-straightforwardly defined as follows:

Let N be a positive integer subject to the two requirements in section 3. .. Given
an N — sequence of segments H(th, th), ti = NN =] - =S nd @ detilic
the (forward), n-dimensional p-adic transform of H(le, .-y X)) tO be

N NS [

AR, LX) g 05 H(Re LK) Sk )y
tp =0 th=0

A
ki = 0,...,N=1;1%"%...;1/, /where H(y)ista primitive Nhoot.of unity in Q. Again the
following orthogonality isweasily.checked

N-1 N-1
2 .2 H(y)k1lit—t) + ... + knlin —tn)
k;j=0 kn=0 .

HMN)" | if ip—ty = 0(modN), m=1,...,n

= 0 S s pe vy, (12)
, otherwise.
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This orthogonality immediately yields the inverse transform

N-1 N-1
H(xp, ooy X)) = H(/N)® klzo an=0 H(Xky - Xky)

- H(y) Wikt +-Ftnkn) e (13)

3. Cycdlic convolutions

Let'xs yis 1 = 0,.15.y"N—1 be two sequences-of rationalynumbers, which we
require to find their.cyclic convolutions and N be a positive integer. appropriately chosen as
in section 3., To ensureerror free convolution after performing p-adie transforms and p-adic
arithmetic,"two requirements are in order :

3.1 Both input data are assumed to be rational numbers which are also p-adic integers.
We do not though have to assume the output data to be rational and p-adic integral
because both properties are being preserved through the convolution,

3.2 Dynamic ranges of the input and output data must be suitably adjusted. This require-
ment can be made explicit as follows :

Let xj = Ai/B;, y; = C/D;, 1 = 0,1, ..., N—1, be the input sequences and z; = E,/F;,
i =0,1,..., N-1 be the output data. Thus

N-1
Zi= Xi*y; = kgo X YiSe®s il ==0pIR RN _ | Yoy .. Y (14)
N-1
E; Ny
T2 S 7 B (DS S 15
. F; k=0 By Dj_g )

Dynamic ranges of z; will be satisfied if

NRLl By DD DR s A (16)
and N A€ Bl Bry e By Dy Dy e D, n & T ' (17)
where 1, j, ky ..., ko, mismp, oS my 2 1.60{0,4,4.0, N} | and
T
i p2—1 — (18)

As a crude example, we may take sequences A;/B;, C;/D; with

1
o L N
2N

max (|Ai] . |Bil, (G|, D)) < (
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With all

above requirements met, error free cyclic convolution via p-adic transforms are

computed through the following steps :

Step 1.
Step 2.

Step 3.
Step 4.
Step 5.
Step 6.

Pre-assign a value of r.

Obtain from the look up table the segments H(x;), H(y;) of the input sequences
Xi> ¥i-

Compute the transforms HXy), H(Y) of Hx)uH(y:).

Compute the prediets-H(Z,) = H(X,) - H(Y}):

Compute the inversejtransforms H(z,) ofYH(Z,).

Obtainffrom the logkluptable the actual values 7, ffom the segments H(z).

We'givesiow an examplé'to illustrate the necessity"of the boufids’'on dynamic ranges

mentioned above.

1

Take p'='5, N =4, r = 2, so that i(p'—l) = 2

Let us compute the convolution of the following two sequences of integers

X0 = 3, X} = 2p-Xo=2, X3 = 4
Yo =2, y1. =3, ¥ =0 y3 =4

il
i

Their convolution is

3
Zy S k§O XeVi = 0,°F5-2, 3

where the subscripts are.computed mod 4. By direct calculation

Zg = XgYo + X1¥3 + Xoy2 + X3y = 26 = 140-5+1-52

and$0 H(5,2,z9) = H(z) = 1+0:5,

7y = 214H(z)) = 1+4-5
2 = 26, H(zp) = 1+0+5
z3 = 26, H(z3) = 1+0-5

Observe that all” zg zy, 79, 23 > %(pr— 1).

Referring to the dynamic range-conditions(3); (@) withsY =1y X = %(pr— ) = 12,

we have the followingyerrer free/irepresentation 6f the two, sequences” X' y;

H(xp) = 3+0-5 , H(X|) 292 0"SH(Xp)= 24075 M) = 4+0-5
H(yp) = 2+0-5, H(y) = 3+0-5, H(ys) = 0+0-5 , H(y;) = 4405
Now a primitive 4'" root of unity in Qs is®

y = 3+3-5+42-52+43-534+..,

so that

H(y) = 3+3-5

1A 0. 308 9., lmdmo, o8(k)
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Next, we compute the p-adic transforms
3

HXy = 2 Hx)-HO™ , k =01,23,
H(Xep) = 1+2-5, HX;)) = 0+1-5,
HX;) = 4+4-5, H(X;) = 2+2-5,
H(Yyp) = 4+1-5, H(Y;)) = 4+1-5,
H(Yy) = 0+4-5, H(Y;) = 01495y,

Next compute the products

H(Z) | 5 "H(Xy - HX., k = 06 1,2,3.
H(Zg) 7="A%4-5, H(Z;) = 0+4-5,
WS A O H(Zy) = 0+3-5.

Finally comptte the inverse transforms

3

HA) = H)- 2 H@IH@-SL - 0,1,2,3.
Here, we Hdve H(‘—i) — 45 dé!' =@

H(zg) = GRS, HEDEE 1% 045y

Hzy) = 1+1 SgH(zs) = 1+4-5 .

These values obviously do not agree with actual values found at the beginning. Though the input
data are represented error free, the dynamic ranges of the output convolution exceed the error
free bounds, which then yields wrong results.

4. Cyclic convolution of long sequences

Although p-adic transforms of sequences of length N are possible for infinitely
many values of"N'(one such value is Ny = p — 1) meeting the requirements described'in section
3, we sec from-equation (19) that dynamic ranges of convolution are reduced if IN is large. This
may lead to.a problem.of.optimizing values of r and N. However, a technique of formulating
a one-dimensional convolution.as a two or larger dimensional cenvolutions; may prove
advantageous and helpfalleviating the above problent.2 14 Wesshall pursue this formulation
for p-adic transforms in.thissection.

4.1 Agarwal-Burrus Technique

We start with converting a one-dimensional convolution to a two-dimensional one
by a technique in Agarwal and Burrus.2 Let Nbea positive integer as in section 3 and suppose
that it is composite with factorization

N = IM

J. Natl. Res. Council Thailand, 1987, 19(2)
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Let H(xy) and H(y,) , n = 0, 1, ..., N—1, be two sequences of segments to be cyclically
convolved, namely to find H(z,) such that

N-1
Hiz) = % Hn 9Hx) . n=0,. N-1,

where the suffixes are evaluatéd mod-N. We introduce-a-change.of variables of the form

ni= &+sL
= keth

k,{ = 0,4, .7, L&1; s, te=20y..., M— 1. Such representation of fi“and q are evidently
unique./ Thus our convelution becomes

L-1 M-1
H(zy+51) = 2 - tgo H(Yy ¢ s k) HGR 4 1)

A
Define a two-dimensional L x M matrix X from the original length N = LM signal, H(x,), by
A
X(,s) = H®&p,s)

A
where columns of X are the sections of H(x) and the rows are samples of H(x) taken every L
values of n. Similarly, define

9
A(L s)
Z(1,5)

HES . .- Ay g1 ... (20)
H(zg 4 1)

With these, we have two-dimensional signals

P M-1L-1
ZU4,s) = Z z Y(l k,s—1) X(k t)

which represent.a two-dimensional convolution. For values of Y(l ky §—it) outside the LxM

/\
array, we definejthem via (20 This amounts torextending X info a' (2L —1).XM array X by
appending L — 1 zeros to.the ‘bottom of X 4 (egqm. 8 in Agarwalrand Burrus)2

The desired convelutionis.cyclic in the s dimensionswhile the/yalues of g\’ along {
§\/{1ows that the convolutlon is not cyclic'insthis«direction. Analogous to X, we extend Y into
Y so that the columns on contain the periodic extension of the original H(y,) with period N.
(eqn. 9 in Agarwal and Burrus)?.

The two-dimensional cyclic convolution is then

A A
Z =Y

o>

*

2. dwi. nn. 388 ¥, dmo, o8(k)



41

Usually, one additional row is inserted to yield 2L x M rather than the minimum
(2L A 1) x M array; this is merely for ease of implementation. The two-dimensional transform
of X is defined as

A M-12L-1 A
TX) = FGk = T 3 Xt ) Hy) How™

and the inverse transform

M=1"2E~.l

§ - 1 v —4j = sk
(1, 5) =GR 5 T SFG H(o) hHOw)

T (=

prov1ded that'a prlmmve 2L-root of unity H(y,; ), a primitive Mt root.of unity H(yy,) both
exist in Q and H( N) = HE@N)™ ! Thus being so, by the convolution property

A A A
T(Z) = T T(X)
yielding
A A A
Z = T HTY) TX)}

As evident from the formulation, the amount of multiplications needed and the applicability
of fast Fourier transforms (FFT) algorithm in the above-mentioned technique are the same as
Agarwal and Burrus’ techniques®. There are also drawbacks, notably the existence of two
primitive roots and the requirement H(%N) = HE@2N)™ b

4.2 Siu-Constantinides Technique

A different technique avoiding these difficulties which may prove more attractive
has been-given in Siu and Constantinides.™ Tt relies heavily on the use of Z:transforms.
Suppose Nis composite with factor N = N N,.

Let
n = Noni+n, , n = 0,1,....,N.~1
ny = 0, 1o N, Al

and Z ws) 2N
Then the one-dimensienal.Z-transform of the'sequence of segments H{x;) is mapped into a

two-dimensional form by

Ny—-1 Np-1

X(Z2,2) = Z 2 H(xnyny) Z11 2™
ny=0 ny=0

Similarly the two-dimensional transform of the sequence of segments H(yp), n = 0,1, ..., N—1,
is defined as

J. Natl. Res. Council Thailand, 1987, 19(2)
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N2—-1 Nj-1
Y(Z,2)) = b3 Z:O H(sz,ml) Zr1nl Z"

my2=0 mjy

Since the cyclic convolution of H(x,) and H(y,) is

Evaluating (21)at Z; = H(y)kl where H(y) is a primitive N'" root of unity (this gives the p-adic
transforms of the sequences of segments H(an,nl) and H(ymz, m1), np,my £ {0,1,...,N-1} ;
ny, my e {0, ..., N—1} with respect to n; and m;) and substituting into (21), we get

2. . nn. 18 ¥, bdwmo, o8(k)
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N2-1 Np-1
~ N2 +mp

X(Z, Hp¥1) - Y(Z, Hp*) = = F Xpi-YmpkgrZ ° ° sesew (22)
n3=0 my=0

ki = 0,...,N;—1, where

and the interpolating coefficients are, by construction,

mg,i = X(Zp Hp*) - Y(Z, Hp)*) , 1= 0,...,2N-2, ... (24)

J. Natl. Res. Council Thailand, 1987, 19(2)
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Here the interpolating points Zg, ..., Zyn_» are arbitrary chosen. This last equation (24)

requires 2N — 1 multiplications for the calculation of N5 points, or 2 _fl\l per point. Hence,
’ 2

this method is quite good for small N,. However, the interpolating polynomials become
complicated when Nj is large.

B. Double Transform Technique

Since (23) is a product of convolutions of two_sequiences each of length Nj, it can
be found by a length 2Np=J1-Cyclic convelutignBf twol(2N, — 1)-sequetiees form by appending
N> -1 zeros at the'end of theloriginal sequences, ire.

{XO,kl’ -'~’XN2Al,k1’O9 ,0} * {Yo,kl, e YNz-l,pr’ ...,0}

N> —1 zeros N> — Tzeros

This cyclic convolation can then be computed as in section 3. This amounts. (3

2hp= 2
X ’Zo Xngok, = B, - )80
o=
where ka = 0, ..., 2N>—1 H(YZNZ,I) is a primitive (2N, — D™ root of unity; a similar

formular| for Yﬁé‘k‘ . The final required convolution is

1 2Ny -2
¢ i i v/, ; —konj
Wasky = H(2No—1 ) kzZ:O Xigoky * Yisky ~ HOong - )72
whererfion=0,..., 2N, — 1. Again, we observe as il subsection 4.1 that this second technique

requires two H(y)'s.

Both techniquesiAand B evidently require the same number of multiplications,and whenever
FFT isiapplicable in"Siu and Constantinides’ technique.!* With just a‘singlerroot of unity
needed, teghnique Asseems better than B, but this advantage is paid for by the faet that technique
A becomes feasible-whén,one ‘of the:sequence lenght factors.is small,

DISCUSSION

As with other number theoretic transforms, to obtain p-adic transforms, we begin
by constructing the so-called Hensel code for each rational number in the sequence. Subject
to certain restrictions on the sizes of numerators and denominators, these codes can be made
error free throughout. This is an aspect nicer than many number theoretic transforms.

1.aud. A0 300 .. bdmo. o8(k)
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The derivation of one and multi-dimensional p-adic transforms proceeds along the
line similar to all transforms. The existence of primitive roots of unity used is guaranteed for
infinitely many sequences. This is the same as other number theoretic transforms.

To compute cyclic convolution of two sequences with error free results, two
requirements are needed 1) input data have to be p-adically integral and 2) dynamic ranges
have to be suitably adjusted. The'requirement_1) is not'severe for we can always so adjust
the input data, and by deing so; p-adic integrality.s preserved throughout the entire calculation.
The requirement _2) is-common’to all transforms and in,factydynamic ranges deducible via
p-adic transfornms are even wider than mest-number-theoretic transforms. Worth emphasizing
is that the.error freeioutput datay,which are desirable but-usually lacking in many number
theoreti¢ transformsy are-automatic here.

For. long sequences, the derivation of three computation techniques due to
Agarwal-Burrus and Siu-Constantinides®'* is attained with equal labour ‘as with classical
situations. Considering this likeness, it is evident that the amount of operations, such as
multiplications, is, if any, of little difference.

We mention one particular difficulty encountered which involves the problem of
implementing p-adic transforms. This seems a real difficulty meriting more research. The
principal obstacle is the lack of practical algorithms for inverting Hensel codes back to rational
numbers. 'We hope to return to this interesting problem later.

CONCLUSION

In this paper basic facts and properties of p-adic transform are first reviewed, and
its\application ‘to digital convolution is analysed. There are two main attractive features:
error freé computation and longer dynamic ranges than ordinary number theoretic'transforms.
Yet, cares miust. also. be taken on dynamic ranges to ensure error free arithmetic, and/these
constraint$.are_made explicit. For long input sequences, three techniques based on multi-
dimensional approach are formulated along the same lines as elassical number theoretic trans-
forms. The number of multiplications.needed-are-.observedto beindentical and the fast Fourier
transform algorithm“is_also applicable in the.same manner as usual' number theoretic trans-
forms.
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