A CONVERGENCE TO INFINITY IN BANACH LATTICES
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. < mean a structure obtained by adjoining
to the Banach lattice E the ideal elements + % and - = and making the operational
conventions:
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X + (+%) = +00,x + (-0) = -0 forall x€ E;
A(+0) = +o0 ifA>0; = -0 if A<0; = 0if A = 0 where A £ R;

(+00) + (+0) = +00, (-) + (~90) ~00.

Also - < x < + o forall x &2 E.

Property 2. (an—> - o0 as
(an + bn—+— o asn

Property 3. (a —- oasn—+ o)>Ve' €E/ \{0}[e'(a)—>-oasn—+ o).

By studying the above definitions and the given three properties together, we get the
following results.

2. @wy. Nn. 398 1., beoc, bo (o)



33

Theorem 1. For Definition A, we have

(1.1) Property 1 is true only in the case of minimum.
(1.2) Property 2 is not true.

(1.3) Property 3 is not true.

Proof. To prove (1.1), let (a).a be two sequences in E. Since a A bn <

true by consndermgt g eexa "’ g
cdSpa C[ lﬁc inug unict‘ ?on [-1,17 wed with its
! it and only if f(f) < e fo tF[—lé d the

egrable
if and
equences

This contradicts to the fact that g &€ L'(O,2). So, we have the required result. Moreover,
for each n & N, we have
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" 2 (n =1,
(LI <fol b (0] dt =

2n/(n-1) (n >2).

Hence || b: ] L < 4 for all n. But a + bn = 0 for all n, so (an + bn) is minorized.

For (1.3), consider the o exXa = C[-1,1] as in (1.1). Define a

We find that Ilbnll s = a —»-®asn-—+® Buta +b is
not comparable with 0 for each n, so a_ + bnf» - ™,

For (2.3), consider the Banach lattice E = CJ[0,1] and define (an) as in (2.2).
Choose the evaluation map e’ < E', \ {0} such that e'(f) = f(0) where f & E. We get
e'(an) = 0 for all n. So e'(an) > —masn — + oo,
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Theorem 3. For Definition C, we have

(3.1) Property 1 is true only in the case of minimum.
(3.2) Property 2 is true.

(3.3) Property 3 is not true.

Proof. To prove (3.1), let(amuandu(b e two sequences in E which converge

+ ; -
[la bt o b 1 L
Since |la} + bl <M, + M, fora

> ||a;|| — +o0 as n — +oo, then

ita, + b) "l > +oasn — +o. This provesthat a, + b — - asn — + .

For (3.3), consider E = C[-1,1] and define (an) asin (1.1), we see that a, -=— W
asn — + o and e’(an) = 0 for all n where e’ is the evaluation map at Xy = 0.
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Theorem 4. For Definition D, we have

(4.1) Property 1 is true.

(4.2) Property 2 is true in a Banach lattice which has an additional structure,
i.e., in a Banach lattice where every norm bounded set is order bounded.

(4.3) Property 3 is true.

’ _a N
L :
. 'Q?C ; 1S completes
the proof of TheGngiing. @6’
We obser i : g ple for (4.2) since we can

hardly find examples for a — - % according fo Definition D. However, there are such

examples for Definition E. In fact, -ne —- 2 for almost units e of E.
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Theorem 5. For Definition E, we have
(5.1) Property 1 is true.
(5:2) Property 2 is true.

(5.3) Property 3 is true.

& +b, €-p+ bt + g

where bn+ + q< Eand | b: +q <M, + M,. This proves that a, +b —>-omasn—

+ o,
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For (5.3), let e’ C E’, \ {0} and assume that a —- s> as n — + . Then there
exists M € R, such that for each p € E; we can find n & N such that

™M Vn>n, 3q€E[a,<-p + q, where [lql <M].

Since e’ is continuous, the se e Eebedl-<-M

of (1.2). Define a

sequence (a ) in E as follows:

a () = -ne ¢t E€00:2),n = 1,2,...),
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where e € R, \ {0}. We find that a_ + - as n — + o according to Definition D as, for
each n, a  is not comparable with the negative element —p where p(t) = 1/yt. But we still

have a  — -2 as n — + o according to Definition E. To prove this, let p € L'(0,2)+ and

choose M = 1. For each n &€ N, we define
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