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INTRODUCTION

[o.0]
Let f(z) = hzofhzh be a power series, with algebraic coefficients, which satisfies

an algebraic differential equation. Popken’ proved a remarkable result that either fhb =0
or there exists a positive constant ¢ such-that-for-all-sufficiently large suffixes h,

| fpd=-exp ( —Gh(log h)z)

Mahler® provedva p-adic.analogue of this theorem in 1973. These results'have been found
usefal'in constructinga large class of transcendentally transcendental functions. The case of
lower boundithen seems to be settled. As for the case of upper bound, Mahler? proved in the
classical case that for fy, being complex numbers, there exist two positive constants Y1 and 123
such that forallh = 0, 1, ...

Ifh] < vy (h)2

The p-adic analogue of this last inequality does not seem to be explicitly established although
as mentioned in Sibuya and Sperber?, it is implicit in Mahler®, It is our objective here to
make explicit the proof of this p-adic analogue.

MATERIALS AND METHOf)S

The proof.follows very closely the line of Mahler®. Sibuya and Sperber in the
paper just eited giaye somewhat sharpened these results using'some heavy'machifery from
differential’egiations” We feel'that the following proofis.siipler,afid mérits-One’s attention.

RESULTS

Theorem. If

h
f = f
(2) hEO hZ

2. auv. An. 308 9., bdkE. o (k)



is a formal power series, with p-adic algebraic coefficients, which satisfies an algebraic differential
equation, then there exist two positive constants y, and 123 such that for allh =2 0,

Ithip < yl(h!)72 J
where | |, denotes the p-adi¢ivaluation so normalized that {plgns= 1/p .

In order-to make the 'whole proof-self<contained, we shall give a detailed proof,
parts of which are/reproduced from Mahler®.

Let K be an algebraic number field generated (over ®) by all coefficients of f. Let
K[ [z] ] be the ring of formal power series (in z) with coefficients in K. L&t f(z). satisfy. an
algebraic differential .equation

(1) F(®): = F(z f, f',8% ...y M) =0

By a lemma of Ritt and Gourin®, we may assume that this algebraic differential equation (1)
has rational coefficients. We further assume that (1) is an algebraic differential equation
which has lowest order m and which is of lowest degree in f(m) among all such algebraic dif-
ferential equations of this order m. Since factors of F not involving f(m) may be divided out,
without loss of generality, the polynemial F (z; wg, wy, ..., Wy,) may be assumed to be irre-
ducible. It is convenient to use the notation

; 2 .
Fu(z,wo,wl,...,wm) = a—w—“F(z,wo,wl,...,wm) (= 01,...,m

and

F(“)((w)) t= Fy(z;w,w’,...,w(m)) m = 0,4,./.0m)

where w may beny seriesin K [ [z] ]. The assumptions about F imply then that
@) PP #5m (Db, £™) 4 0
For F((w) ) depends,explicitly on w(m); therefore

Fm)((H) =0

would be a differential equation for f of loWer"erder;"or of the same order but of lower degree,
than the differential equation (1), contrary to the hypothesis.
The differential operator F((w)) can be written in the explicit form

(3 F(w) = (E) Pk) (@) wk) | wkn)
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Here the summation

>

(k)
extends over all ordered system (k) = (k1, ko, ..., k) of integers for which
4) O0<ky<sm, ..., 0<Skny<sm ki<kp<...<kn OSSN,

where n is a fixed positive inteéger, and-the coefficients P(k) (z):are polynomials in ZZ[z]. The
integer N varies with(K), and there is ex@ctly ofi¢ iffiproper system with. N = 0 which will be
defined by (w). The eorresponding term P(w) (z)'in(3) hasno factors wand is a polynomial
in z alone.

We require an explicit expression for the derivatives

h
©®) FO(®) = (L) F(w) W 23, Y

of B((w) ) and shall obtain it by means of the following lemma.

Lemma. Let h>1 and N2 0 be any two integers, and let W0, Wis..., WN be N+ 1 arbitrary
serigs’in K[ [z] ]. Then

. WA A an)
d _ 0 1 N
(6) (d_z) (Wowi...wN) = h! - i g : .
Ags A1, - AN Ap! Al' )‘N'
where the summation extends over all ordered system of integers Ag, 1y, ..., AN such that
(1)) Apy20, Ay 20, ..., AN 2 0; Ap+tA+... 4 = h

Proof, . The assertion is evidently trie if h = 1; assume.it has already been established for

some order h'> 1. We show that it is then valid also for the order h+ 1 and hence is' true
for all orders h.

On.differentiating (6) once more,

Ay+1 A
(d)h+1(w B N W8\0) w](/v ) W&N)
D QW] - =W D= -
AOAI,...,ANV—O AQ! Ayl AN!
N w(()“()) W(1141) W&I‘N)
HOsH Lo - s BN V0 Ho! ! LN!
where the new summation extends over all ordered system of integers g, u{, .. ., uN for which

o 20, up 20, ..., uN20; pot+pup+...+puN = h+1

Now

N
h! X py, = (h+1!
v=0

3810 AN, 358 9., bdkE, o (k)



whence the assertion.

The lemma just proved will now be applied to all the separate terms
8) P(k) (2 wkD) | w(kN)
in the representation (3) of F((w)). It follows immediately from the lemma that

SRV FOT I T

Here the inner sum

>

[A]
is extended over all'ordered systems [A] = [Ag, Ay, ..., Any] of integers which'satisfy the
conditions (7);, while N'has the same value as in the term (8) from which the sum arises. There
is in'particular exactly one term p?(?) (z) on the right hand side of (9) for which N = 0. This
term is independent of w and vanishes as soon as h exceeds the degree of the polynomial P(w) (2).

Denote next by j any integer in the interval

!
(10) 0<j< [—5—] :
put
a1 H=htm-j ",
and denote by
(12) FOLH) ((w)) wH)

the sum of all terms on the right hand side of (9) which have at least one factor w(H) Further,
let

aM\ _ES P w) v

be the sum of all those contributions to Flh,H) (w) w(H) which come from the'hth dérivative

pEk ) (2) wEIEAD) ¢ RkNAAN)
Ap! Al W AN

J Y k) WkN)Y =
(14) (dZ) (Pay@wED . wEN)) = h [%

of the term
tao = Pao@w K/ ik

in the representation (3) of F{y(w))s«.Evideritly

as  FD(w) = sFED (W)
®

where trivially

a6 Fo(w) = o

It therefore suffices to consider only those terms t(k) for which (k) # (w)and hence ] < N< n.
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Denote by v any suffix 1, 2, ..., N and by v’ any such suffix which is distinct
from v. It is trivial that the binomial coefficient

(17) (y'.) =0 ifH-k, <0 orH-k, >h
v

Next let v be such that

(18) 0<H-k,<h

There exist thensystems [A]W=1[4g, A1 5. %, AN'] 0E N ifitegers with the properties (7) and
(19) ky A4 = H

Since then
N ) (m—k,,)?h—j>%h ,
and therefore

Ay <éh, kyr 44, <%h+m = h+m-

the corresponding term

P&S’)(z) wk1+2D) (KN +AN)

Ap! Ay! - AN!
in (14) has exactly one factor wH) and no more. Hence the contribution to FS(I)’H) ((w)) of
this term T(k),[l] for the suffix v and the system [1]is equal to

Tky,[2] = h!

OTag ] L PGS @ ol A
awE T LTl ky !

Next, by the lemma
h-H+k (AQ) Ko+ A
d o (ky)y Te ,P(kg (2) (Ky*'+ A7)
P w Y =
(dz) ( (k)(z)ﬁu, ) = (h=H+k,)! [z” ! VTTW -

where the summation FA,] extends only over those systems [A] for which both conditions (7

and (19).are satisfied.. From this equation, it follows that

aT h-H+k
(k)’[l] . h d v i
s s AT (Foef Ty w59
W
- i kD) kN
- (H—k,,)(d_z) aw(ku)(p(k)(Z)w ... wiEN)y
whence, on summing over v = 1, 2, ..., N,
N h-H+k
h,H) _ h d v 3 (k) (kn)
RGP ) = 2 D@ i G @ kD wkw),

24190, 30 9., bdkE, ox (k)



because, by (17), the terms for which v does not satisfy the conditions (18) are equal to 0 .
The formula can finally be written as

N h—H+
(h,H) _ h d M k k
(20) Fiy (W) = FEO(H_“)(d_Z) | (“)(p(k)(z)w( D ... wknN)y,

since evidently

PR a(“)(P(k) @S D, KNy 12 © WD (kN
w

where vin 2 runs.over.all suffixes.Jy2,:95'N for which kip=
V.

On combining the two relations (15) and (20) with the representatiofi (3)of F((w))
and making use of the notation F(H) ((w) ) introduced earlier, we arrive at the simple formula

1) FH () = FEO(HE“)(%) oy (%)

which is due to Kakeya.!
The basic identities (9) and (21) hold for all series w in K [ [z] ]. In particular, let

= I

Since F((f)) = 0, we obtain then firstly the equations

10)
) (k +A) kn +AN)
@  EW(H)-nZ3 Pad @ ki rhn i

(k) [A]  Ao! Al nN o= ). )

and secondly, forallh = 1,2, 3, ...and allj =0, 1, ..., [%(h—l)], the formula

(23) () = FEO(H_“)(a—Z) F ((©)

for the coefficient of f{H) — fh—m +3) in (22).
In"(22) and (23)put z = 0. Since

P&A(())) &N L0 7 p&())) (0)-and {0 = 41 )

we find that

(A0)
Py (0 (k +A)' (k T
> 3 Pk) NN
(24) h! ® 0 ' i ! fky+Ag fn+ AN

th =1,2,3,..)

=0

and here the coefficients of H! fyy on the left hand side is given by

m h d h-H+pu
e FRR@) o = 2 (4, ) (g) Fi (D) 1z = 0
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The m + 1 expressions Fu) ((f)) are elements of K[ [z]] ; let

e o]

(26) F ((0) = hEOF“,hzh (= 0,1,..,m)

be their formal power series with coefficients in K. Since from 2)

Fm) ((O) # 0,
not all the coefficients Fr hare 0, and there.exists' an integer #4820 such that
@27 Fuilo = Fmi & W5 Fmt—1 = 0,/but Bmt # 0

Fromsthe power-series (26)

h— H +
()

whence, by (25),

u
F(H)((f))|zzo = (h”H+“)!Fu,h—H+p WS O\ ., m),

m
h,H b h _
i, - - 2 Zo G ) O=H 0 Py yoy
Replace here u by m—p; since H = h+m —j, the formula then takes the simpler form
h,H) 3 h :
a8 | FER0) |, S =0 2 (" JU-IE Y, .

where terms in the sum on the right hand side with i > j are put equal to 0. All these ex-
pressions evidently are polynomials in h with coefficients in K.
In particular, for j = t and hence H = h+m—t, the polynomial

h,H N S (h
F( )((f))|2=0 § (t )“Fm,t+“§1(t_“)(t_“)!Fm—,u,t—y

18 by (27) of the exact degree t in h and certainly does not vanish identically.” Henece there exists
a smallest-integer.s satisfying

O < t
such that ‘also.the polynomialiin.h;
(29) FIENCO Y], ) g awiere H =, harnbs,) |

is not identically 0, whilesforjw=_0, 1,".%, s~ I the polynoemials(28) vanish identically. With
this choice of s, H will from noW=onsalways be defined by

(30) H=h+m-s ;

hence H differs from h only by a constant integer which may be positive, negative, or zero.
It follows now, firstly, that the left hand side of the equation (24) does not involve
any of the coefficients

fH+ 1, fH+2 o THes

18U an. 390 1., bdkbE o (k)
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Recall from (26) that
F1(0) :
F>(0) :

Il
Il

F1(s,8) = F,s = sth coefficient of F(m) ((f)

Fa(s, 8) = Fy_1,5—1 = (s— st coefficient of Fm-1) (M)

Fm(0) := Fy(sp)"="Fos—m = (s=mjth coeffigient of F) ((©)
Thus, from (32) and"(33); sinceq~a(H) # 0,

2D - ’ A D=yl
T HE0 (-s+p! |
Let
m F
F(6)/# F(s,6) = H! 5 _M-ps—y
#=0 (h—s+p)!

HMH-1)...(H-m+ DF{(6) + H(H — D...(H-m+2)F5(0)+... + F,,(6)

here we have made used of (30).. Now let

ar g + ar’le + ..+ ar’d_led_.l
br

Fr(e) =

where apg, ..., ar,d—1 and by are rational integers with by # 0. Let
B = l.c.m. (b, by, ..., by)

Then' from (32) and (36), we see that for H > Hp,

37 E@) = BF() # 0

is'a polynemialiin 6 of degree at most d — 1, with rational integral coefficients. Let M(6) be
the minimal polynomial of 8 over Q, i.e.

M(O)= Lo +d18+ ...+ 2989 = 0, g ez
By (37), M(8) and-E(6)rare rélatively prime polynomials. Thus

Res (M,“E) s/ Resultant (M, E)#0
and so
| Res (M, E) | 3w

because all the coefficients are rational integers. Now, for H sufficiently large,

_ €1a10 , €2a0 CmamO Clall 02a21 ‘m2aml
E(G)-B{(—b_+ 5y B oo ) ( bs +...+Tm—)6+

+...+(C1a1b’ld‘1+...+cm g‘r;ld_l )Bd_l } 5

1aui. 00 390 1., bdkS od (k)
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where
¢g = HH-1)...H-m+1)

¢ = HH-1)... H-m+2)

cm = 1

Let _ ' +1§ w-'du?

80

1 i 4
gd—1 = TN 'd"--l"' 7
" ‘\L\‘l" ,!,“a J_,’
 also ’ Lj zt**
(Igo <
T (P
ma;Ha_-ﬁ, a_ X K <

d(e “{jﬂi : | G *_\T\ : G
N g
0

' [
then @ﬁgcﬁj m U,U‘S Ig\

1 <|Res (M, E 14d-=

< @d-n119-camd = c\H

where Cq, Cy are positive constants independent of H. Now, by a well-known result on
resultant!?, there exist two polynomials X(z) and X*(z) with rational integral coefficients such
that

0 # Res(M, E)

M(6)X(6) + E(6)X*(8)
E(6) X*(8)

Il
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Since X*(6) € ZZ[6] and 6 is a p-adic algebraic integer, then

IX*(G)Ip <1
Consequently,
Res (M, E)
[E®) [, = I

>
‘

e
=

and hence there exists a further positive dependent of H such that

(44) vp + ... + yNS H+C3
We deduce from (39) and the definition of {v} that
C;
45 f £ CitH>2max |f, ... forH>H s
(45) ‘ Hip 1 {v}| v lep 0

28w, 00, 398 1., bdbE. od (k)
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where the maximum is extended over all systems {v} with the properties (43) and (44). An
upper bound for |fyg lp is now obtained in the following way from the recursive inequality (45).
Assume for simplicity that

(46) Ho>C3 + 1
Further choose Hg numbers ug, uy, ..., ugy— 1 such that
47 |fH|p < exp(uy) _forH =0, Ho=1-0<ugu; < ... <upy_|
and in terms of these define foreachsuffix H 2 Hgawmumber.upy by théiequation
(48) uyg = CGslogH + ‘wmax_(uy o Fuye).+ logC
H 2 e it UN g¢]
Here Syy denotes the'set of all’ ordered system {v} = {vy, ..., yNJ-of integers foriwhich

(43) and (44) hold, i.e./for which

1SN, 0Syy<H-1,...,0<suywsH-L; yi+... +vNSHHC3 5
SH is thus the set'of all systems {v} over which the maximum in (45) is extended.

The definition of upy implies that
(49) |fH|p < exp(uy) for all suffixes H 2 0.

This is evident for H < Hg — 1 and it follows for H > Hg by complete induction on H since by
(45) and (48)
| £ <Ciexp(CrlogH + max (u, +...+u, ) = exp(ug)
Hlp<C 2106 HE Ay Oy vy H
Again suppose H 2 Hy, so that by (46),

(50) H>C3 + 1
By(48),
H+1
51 S = Crlog—— + max (uy! +...+u,’.,)
1) w1 WUH 287y {v’}ESH+1 Y1 N
— max (u ot ug )
{viesy 'l N

Here, by (43%44), every systemin Sy belongs also to Sy + 1. The'maximumrover Sgy , | is
therefore not less,than that over*Syy, and.so (51) jmplies-that

(52) 2 Corlog ——>0 for | H>Hog

H+1
UHi1 ™ H

On combining this with (47), we see that thesuppformrasstrictly increasing sequence of positive

numbers.

Consider now any system {1} = {mq,..., IN#*} in Sy 4 | at which the maximum

(53) max (u,’

’ = u +...+u
{v'YESH+1 et i) T TIN*
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is attained. Since the numbers uy are positive and form an increasing sequence, the suffixes
My, ..., TN+ cannot all be zero; and since further

np +...+ N < H+C3+1 and H>C3+1 ,

at most one of these suffixes can be as large as H. Let, say,

e > 0
be the largest of thesuffixes 1), . AN+ (OF one of thém if several have this same maximum
value); then thefother suffixes my, ., MN* _ | are non-negative and less than H. Hence the
system {vo} = {v(l), — vONO} defined- by
0 Nt o0 0 _ O ’,
N p="N7; T VN0 = "N*—l’ VNOE T L=20

belongs t6the set Sy, and hence it follows that

L, S >
{vinést( v, UuN) Upy +...H e FUmg, —

g max (u,! HF U, - () —Ug )
{viesuy; | N© TN e
The formula (51) leads therefore to the inequality
(54) U 41 -ug < Cylog Bl 4 ) oM g | —uy) for H>Hy

Put
Vi = wyip-uwy and C4q = max(vg, Vis - VHg— 1) »

so that Cy is a positive constant. By (54),

H+1 max
v S G log—— + v for H>H ,
R\ AT e PR Q
that is
VL S CzlogH;1 + max(Cy, vy, VHo+1>-+-»VH~- 1) for H2H

We - assert alsosthat

(55) VH < C,log Bl
Hy

+ Cy4 for HZHjy

For this inequality certainly holdsif H = Hg; assume then that H > Hp, and that the inequality
has already been proved for all suffixes up to and including H—1. Then

max(C4, VHO’ VHO+1, £3 5% VH—I) < C2 ]og go + C4 ,

whence also

H+1

vH <€ C,log + (Cy log %0 +Cp = Cylog T

H+1
q +C4 5

2.8 00 300 9., bdkE, od (k)
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showing that (55) holds also for the suffix H and therefore is always true.
On putting

Cs = C4 — Cylog Hy
(55) can be written in the form
ug+1 — uyg S Elog.(H+1) + Cs for-H .2 Hy

We apply this inequality successively for thesuffixestHg, Hg+1, ..., H=land add all the
results, obtaining

H!
UL < uHgt Czlog(H—O!) + C5(H-Hp) forH2H
By (49), this finally implies that
C
H! \“2
| fH |p < (ﬁﬁ) exp(ugg + Cs(H-Hg))  forH>Hg

In this formula, H! increases more rapidly than any exponential of H. On replacing H again
by h,.we have then proved our theorem.

DISCUSSION

Though the method presented above is notationally complex, and the proofis rather
lengthysthe principal idea is quite simple. It is actually based upon the explicit relationship
(35) which connects one coefficient with those precedingit. It would be of interest to investigate
whether. the'result.so derived is best possible, and if not, when it can be improved.

CONCLUSION

We have essentially.shown that if @ power series, with-algebraic coefficients, satisfies
an algebraic differential equation, thénsits,coefficients-are’€ither zero or are bounded above
by explicitly computable quantities.
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