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In 1852, Eisenstein! stated the following theorem, which has been known as

Eisenstein’s theorem ever since.
The classical Eisenstein’s theorem.

oo
Let f(z) = r agz"
n=0
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be a power series with rational coefficients. If f is algebraic, i.e. if it satisfies an algebraic

equation of the form

P,@f'2) = 0, P@EO0 e (1)

where K is a positi
isfi e. there exists

1 al coefficients, then
nsyve intege ch that I"a_ is

,,
(I 8ol
(=]

........

and 3. a Bessel series

z"/n!?

J 0(\/—_2) =

I8
(=]

are all transcendental. To see this, we merely observe that the three series contain infinitely
many distinct prime factors in the denominators of their rational coefficients and thus
cannot be algebraic by Eisenstein’s theorem.
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Another interesting application is due to Landaus, who used it to determine
when the hypergeometric series, with rational coéfficients, are algebraic. A more recent
use of Eisenstein’s theorem can be found in Mabhler!!, who applied it to show that
Stickel’s construction of functions'® which together with their inverses take algebraic
ioin does indeed yield transcendental

then Eisenstein’s t

for all n and some positive constant ¢,. This result was extended to power series satisfying
linear differential equations by Pincherle!?, and for algebraic differential equations by
Hurwitz®, where the upper bound reads cznci‘, for some positive constants c,, ¢3. For
more details see Popken16, Kakeya5 and Mahler!!.
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In another direction, Koenigsberger7 discussed the coefficients of algebraic power

series expanded about an arbitrary point, which reduces to Eisenstein’s theorem when

the point is the origin.

Theorem 1. Let f(z)

which is not a polynomial, and convergent in |z| < R, where R is a fixed positive number.
n

Let b be a rational number such that 0 < |b| < R. Put§, = % ahbh = 0 1,

2, ...) and denote by p, the largest prime factor in the numerator of S, (written in reduced

fraction).

(1) If f(b) is a nonzero algebraic number, then lim sup p, =

n— o
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(2) If f(b) is an irrational algebraic number, then lim p, = .

n— oo

Proof. (1) Since f is Eisensteinian, let I be a positive integer such that Ihal1 is integral
for all h>1, and let I, be the denominator of ay. Let b = u/v, where u and v (>0) are

rational integers. Then

Hence, for sufficiently large i,

fb) — x/y;i| < &/(1-w) < ¥ ¢

17

Since f(b) # 0 is an algebraic number, then by Ridout’s theorem ', we must have
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f(b) = x/V; for all sufficiently large i.

It follows that aibi =S - S_,=0andsoa =0 for all sufficiently large i, which is

a contradiction.

factors in the numerators of

the coefficient of z% in the Taylor expansion of

F(bz) = f(bz).
1 -z
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Hence,

LT

h _ n;
hz=:0 C!hb = a, b

and the first assertion follgQ
Wr nga@f
g LI t!l irrationa

ed to show that it is also
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is an algebraic number of degree t over the rationals. Let
= gAY ., 88D

at coB, coBY, ..., g8t are

be all its conjugates and let
all algebraic integers

followﬁw

depend on «, 3,

so-called length of P. Here and throughout this proof, we tacitly assume ¢;=1. If ¢; <1,
the main arguments hold with only slight modification. Therefore,

L(p,) =< c:) Ifat (cr eyt < (¢ D)™ ¢y
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Since « is a nonzero algebraic number, let A(z) be its irreducible defining polynomial

with deg A = M, say. Applying Giiting’s theorem 52, we deduce that either pp(@) = 0 or

Ip,(@)] = (D' M~ LA™~ = cylciIL(A) ™™

Since s,/r, — % (n—o) and |c;a| < 1, the right hand side tends to 0 as n— oo, which
is a contradiction. Hence, there exists a positive integer N, such that for all n=N,, we
have p (o) = 0. This implies the existence of an index o, in the set {0, 1, ..., t—1} such

that

T
OB, ahah = ﬁ(d’n)
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Thus for all n=N,,

rn
Qn(a) = hE 0 ahah = X ahah = ﬁ("n + l) — 6(‘7“).
h=

nd since all conjugates of

series X
n=0

Furthermore, it is not hard to verify that if a power series L  a,z" represents an
n=0

oo
algebraic power series, then the power series L  a z"/n! satisfies a linear differential
n=0

equation with polynomial coefficients. This follows from an observation that if the
former series is algebraic, then the sequence (a,) satisfies a linear difference equation
with polynomial coefficients for all sufficiently large n. and so the sequence (a,/n!) also
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satisfies a linear difference equation with polynomial coefficients for all large n, and hence
the latter series must satisfy a linear differential equation with polynomial coefficients. A
natural problem is whether the converse is true. An immediate answer is ‘‘no’’ in general,

as we see from the example: the series

if the series are lacuna

rational points.
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